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Abstract 

Strategic suppression of grades, as well as early offers and contracts, are well-known phe¬ 
nomena in the matching process where graduating students apply to jobs or further education. 
In this paper, we consider a game theoretic model of these phenomena introduced by Ostrovsky 
and Schwarz, and study the loss in social welfare resulting from strategic behavior of the schools, 
employers, and students. We model grading of students as a game where schools suppress grades 
in order to improve their students’ placements. We also consider the quality loss due to un¬ 
raveling of the matching market, the strategic behavior of students and employers in offering 
early contracts with the goal to improve the quality. Our goal is to evaluate if strategic grading 
or unraveling of the market (or a combination of the two) can cause significant welfare loss 
compared to the optimal assignment of students to jobs. To measure welfare of the assignment, 
we assume that welfare resulting from a job - student pair is a separable and monotone function 
of student ability and the quality of the jobs. Assuming uniform student quality distribution, 
we show that the quality loss from the above strategic manipulation is bounded by at most a 
factor of 2, and give improved bounds for some special cases of welfare functions. 
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1 Introduction 


We consider the effect of strategic behavior in matching markets as school graduates get assigned 
to jobs (or to further education) reacting to multiple incentives: 

• Companies want to hire the best students, 

• Students want to get the best jobs, 

• Schools want to help their graduating students get great jobs. 

Here, we consider simple games that model ways schools, students, and employers can respond 
to these incentives. Before we formally introduce our games, we briefly review the effect of these 
incentives on the various placement markets. 

To help the placement of their students, schools often like suppressing grades, especially grades 
of their top performing students. The Stanford Graduate School of Business (GSB) has a policy 
for not reporting grades, many other schools suppress A+ grades on the transcripts, replacing all 
with A, or suppress +/- signs altogether. Some high schools report class-rank, but many other 
schools refuse to do so. An important reason for suppressing grades is the desire to have better 
placements for all students in the school, not only the top performing students. Suppressing grades 
is an explicit policy of many high schools and universities, but the same effect can also be achieved 
by allowing grade inflation, or by not having clear grading guidelines. When a large fraction of 
the class receives a grade of A, the expressiveness of grades suffer, effectively creating the same 
effect as suppressing grades by other schools. Similarly, randomness in how grades are assigned 
also decreases the information content of the transcripts. 

Students and companies or schools of further education also behave strategically, acting to get 
better jobs or to improve the quality of students they can hire or attract. One tool in this area is 
making early offers, referred to as the unraveling of the matching market. Companies at times make 
offers to students quite a bit before they graduate, based on transcripts with significant amount of 
course work, and hence important information is still missing. Students often accept these early 
offers, or even apply for them. Such early offers are common for students in Business and Law 
schools. There is also a similar trend in students applying to college under early decision programs 
offered by many schools. 

Ostrovsky and Schwarz [7] introduced the model of unraveling of matching markets and the 
game of suppressing grades that we study in this paper. They offer a model of jobs, students, 
and grading to study these phenomena. They view grading as a form of signaling about the 
student quality by the school, and assume that all participants are risk neutral (so employers aim 
to maximize the expected quality of the students they hire). They model grading as a game among 
schools, and assume that each school aims to release information about their students with the 
goal to help them get the best jobs. Their main result is that (under mild assumptions) at a Nash 
equilibrium of this game, schools disclose the right amount of information, so that students and 
employers will not find it profitable to contract early. 

We also consider the partial unraveling of the matching market: early contracting. While 
Ostrovsky and Schwarz [7] show that early contracting is not advantageous under an equilibrium 
grading policy of their information disclosure game, we observe that early contracting is increasingly 
common. Schools do aim to optimize the placements of their students, but we believe that they do 
not fully optimize grading. The pervasiveness of early contracting does suggest that the information 
released in grades is not at the equilibrium of the disclosure game. Exact optimization of grades 
at the full generality proposed by the model of Ostrovsky and Schwarz is also not feasible, or even 
advisable as grades play many roles, including motivating the students [5]. 
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In this paper, we consider the effect of such strategic actions on the social welfare, the overall 
quality of the assignment. To do this, we need to model the way that placement of a student with 
ability a in a job with quality q , will contribute to welfare. We assume that the resulting welfare is 
a monotone increasing function of both a and q. and the effects of these two contributing factors 
are separable. Concretely, we assume that the resulting welfare is expressed as f(q)g(a) with both 
/ and g nondecreasing, and g also concave. 

In sections [4] and [5] we assume that welfare is expressed simply as aq without functions / or 
g. Effectively this assumption means that we identify the quality of a job q with its value f(q ) to 
contribute to welfare, and similarly identify the ability a of a student with his or her value g{a). 
Alternately, we can think of this special case as a change in schools’ and employers’ objectives, in 
this model an employer is aiming to optimize not the expected ability E(a ) of a student hired, but 
rather the student’s expected contribution to welfare E(g(a)), and similarly, assume that schools 
evaluate the placements of their students by the average ability E(f(q)) of these jobs to contribute 
to social welfare. 

Our results 

We analyze the quality loss in assignments in two different forms of strategic behavior: strategic 
grading by schools, and alternately, early contracting by employers. 

In Section [3] we consider a very general model where with no assumption on schools grading 
policies, where students and employers respond by early contracting for an arbitrary grading policy 
by schools. Following Ostrovsky and Schwarz [7] we use a continuous model, assuming that there 
are infinitely many students and each school is infinitesimally small, see the formal definition in 
section [2] To simplify our model we consider a two stage game where in stage one some student- 
employer pairs can agree on early contracts. In the second stage grades are released based on each 
school’s grading policy, and the remaining students and jobs are matched based on their grades. In 
this two stage game, prospective employers have to make decisions about early offers without any 
grade information about the students, solely based on the school that the student attends, where 
we assume that the distribution of students in each school is public knowledge. We think of grades 
as a form of signaling, and identify all grades with the expected ability of the group of students 
who receive that grade. We show that if the abilities of students are uniformly distributed, the 
resulting quality of the assignment at an equilibrium of the matching game with early contracting 
is at most a factor of 2 away from the best possible with any grading policy by the schools. This 
bound is best possible without further assumption on grading, as this is the assignment resulting 
when all schools have identical student populations, and all schools refuse to release grades. 

Next we consider the decrease of the quality of the matching resulting from the fully strategic 
grading used by a school, i.e., the price of anarchy of the information disclosure game of Ostrovsky 
and Schwarz [7j. Recall that fully strategic grading eliminates the incentive for early contracting. 
Our general results from Section [3] imply a price of anarchy bound of at most 2. We focus on the 
case when welfare is measured as aq (alternately, assuming that employers and schools evaluate 
students and jobs respectively with their ability to contribute to social welfare). We show that in 
this special case, the price of anarchy of the strategic grading game is bounded by 1.36. In the 
appendix, we also give a 1.07 lower bound on the price of anarchy, showing that the quality of 
matching can indeed degrade by a constant factor due to strategic grading even in this special case. 

In Sections [5] we consider the quality of the matching resulting from early contracting in isola¬ 
tion, assuming fully informative grading, and again focusing on the case when welfare is measured 
as aq. Our general results from Section [3] imply a price of anarchy bound 2. In the appendix, we 
give a 1.22 lower bound. In the special case, when all schools have identical (and uniform) distri¬ 
bution of student abilities, we show that the price of anarchy is bounded by 4/3. In the appendix, 
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we also give a 1.11 lower bound for this special case. 


Related work 

The model of unraveling of matching markets and the game of suppressing grades we consider in 
this paper, was introduced by Ostrovsky and Schwarz [7]. There are a number of papers reporting 
unraveling phenomena in various matching markets from selective colleges [2], to the market for 
law clerks [d] that report that interviews for law clerk postings are held almost two full years prior 
to graduation. 

Roth and Xing [8j offer a number of examples of matching markets that are unraveling, and also 
provide a framework for modeling unraveling. They assume that both sides are risk-neutral agents, 
and show that unraveling may happen even if the final matching is stable. They also show that 
unraveling may lead to inefficiency in the matching. Chan, Hao and Suen [3]J offer a game theoretic 
model of grade inflation, a different game where schools use grades to improve the placement of 
their students. 

Grading is a form of information disclosure by schools. Bergemann and Pesendorfer [3] and 
recently Dughmi [6] studied suppression of information in a very different setting. They designed 
optimal single-seller, single-object auctions assuming that seller can hide information from the 
bidders about their valuation. The method for suppressing information that they use is the same 
as the method used in this paper. 

2 Preliminaries 

In this paper, we consider the matching problem for students finishing school and getting placed 
for jobs or higher education. We assume that schools give students transcripts, which are used by 
employers in their hiring decisions. We assume that schools conduct exams that measure students’ 
abilities perfectly, but do not require that the transcripts are fully informative, as less informative 
transcripts may improve the placement of the students. We assume that the distribution of students 
in each school is public knowledge, as well as the distribution of student abilities with a given grade 
in each school, i.e., the grading policy of the school is public knowledge, but employers have no 
other way of measuring the quality of the students. 

To model the key aspects of this matching process, we assume that each student has a true 
ability, a single real number in the range [ax,, an], where a student with higher ability a is more 
desirable for all jobs. We use a model with a continuum of students abilities, and assume throughout 
the paper that the overall distribution of students abilities is uniform. We also assume that the 
desirability of each position is single dimensional, described by a number q E [qi , q^\, denoted as job 
quality, and is common knowledge. All students prefer jobs with higher quality q. The distribution 
/r(.) of position desirabilities is continuous, exogenous, commonly known and has positive density 
on [qi , qn], but not necessarily uniform. Finally, for simplicity of notation, we assume without loss 
of generality that the mass of positions is equal to the mass of students. 

If the students’ true ability is known, based on students ranking on one side and jobs ranking on 
the other side, there is a unique stable matching (up to permutations of equally desirable positions) 
between students and jobs, where higher abilities are mapped to more desirable jobs and vice versa. 
We will use Qt to denote this function mapping students abilities to jobs qualities. 

Definition 2.1. Function Qt(-) or the truthful mapping, is the mapping of student ability to 
desirability of the assigned job based on the stable matching, when all students abilities are known. 
This mapping is increasing in student ability. 
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Figure 1: The matching between expected abilities to job qualities. The horizontal axis (a) shows 
the expected ability and the vertical axis (q) shows the quality. 


We will think of Qt(-) as the ideal mapping of students to jobs. With our assumption that 
abilities of students, and the qualities of jobs linearly ordered, this would be the resulting assignment 
of students to jobs with if all information would be available: as employers prefer better students, 
and all students prefer better jobs. We will need to make the technical assumption that Qt(-) does 
not switch between convex and concave parts infinitely many times. 

In this paper we will consider different games that modify this matching, due to strategic grading 
and/or early contracting. The grading policy of a school assigns grades to all students. We will 
think of a grade as a signal of the student’s ability. Recall that we assumed that the distribution 
of abilities of students with a given grade is public knowledge. We will further assume that the 
employers aim to hire a student with maximum expected ability (that is, they are risk neutral). 
With this in mind, we can identify a grade (from a given school) with the expected ability of the 
students receiving this grade. If employers have access to grades, and are risk neutral, the resulting 
mapping of students to jobs is based on the grades (not directly abilities) and monotone in the 
expected ability associated with the grades. 


Example 1. Suppose | of schools have uniform distribution of abilities [0, |]. Other schools have 
half of their students uniform from [0, |], and other half uniform from [|, 1], Note this is a uniform 
aggregate distribution of abilities. Suppose there is the same mass of jobs as students, where 
^ of them are distributed uniformly on [0,0.5] and other | are distributed uniformly on [0.5,1]. 
If the schools reveal true abilities of students the mapping between expected abilities and jobs 
desirabilities is as follows. (Figure [I]) 


Q(d) 



for a < | 
for a > | 


Any school that has students on the whole range, can improve its payoff by suppressing informa¬ 
tion. If they announce the same expected ability for all their students, their average job placement 
improves from ~ 0.66 to 0.75. 


Each game will result in a (probabilistic) mapping of students to jobs at equilibrium. For such 
a mapping Q, we will evaluate the social welfare of the resulting assignment. We define the social 
welfare of a mapping to be the sum of the value of interaction of job/ability pairs. The value of 
interaction should be increasing both in student ability and in job quality. We assume the resulting 
welfare is a separable function of these two variables, and will use the product f(q)g(a ) to measure 
the social value of a student with ability a being matched to a job of quality q for increasing 
functions / and g. 


Definition 2.2. For a mapping Q from student expected abilities to jobs qualities, we will think 
of Q~ 1 (.) as a randomized function mapping job qualities to the ability of the student assigned. 
We measure the resulting social welfare by f{q)g{Q 1 (q))dg(q) = f{q)g(Q^ 1 (q))t L ' (q)dq. 
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We will consider school’s grading. Grades and the school a student attends, reveal some 
information about the student’s ability, but this information is typically not completely infor¬ 
mative, as different ability students can get the same grade. For notational simplicity, we will 
identify grades from each school with the expected ability that such a grade reveals. Now we 
can use G(.) to denote the cumulative distribution of expected abilities revealed by grading, i.e., 
G(x) is the probability that a randomly selected student has a grade that corresponds to ex¬ 
pected ability at most x. Using this notation, the integral of social welfare can also be written as 
J^ g(a)f(Q(a))dG(a) = g{a)f{Q{a))G'{a)da. Recall that we assume that the distribution for 

the truthful grading is uniform, so the welfare of the truthful assignment is g(a)f(QT{a))da. 

Among all possible mappings Q, the mapping Qt resulting from fully informative, truthful 
transcripts is the one with maximum social welfare, since the highest ability person takes the 
highest desirability position and so on. 

Lemma 2.3. The maximum social welfare is obtained by the mapping Qt of students to jobs based 
on the true abilities. 

Proof. Function Qt is the unique increasing function mapping student abilities to job qualities. 
Consider any other function Q l . There exist two pairs of student-job, (a, q = Q'(a)), (a', q' = Q'(a')) 
such that a < a' and q 1 > q. Since functions / and g are increasing, f(a)g(q) + f(a')g(q') < 
f(a)g(q r ) + f{a')g{q). Therefore no other functions maximizes social welfare. ■ 

Definition 2.4. For a game of matching students to jobs, the price of anarchy is the loss of welfare 
in equilibrium, defined as the ratio of the maximum possible welfare to the welfare of the resulting 
assignment: 

jqf f{q)9{Qf l {q))h'{q)dq 
m ^ X Iq, H f(Q)9(Q~ 1 (q))^'(q)dq 

where the maximum ranges over all equilibria Q of the game. 

An important special case of our welfare function is measuring welfare simply by aq, effectively 
identifying the student’s quality with his/her ability g(a) to contribute social welfare, and assuming 
that the desirability of a job q is proportional to its ability f{q) to contribute to social welfare. In 
Sections [4] and [5] we consider this special case, and continue to assume that the students abilities 
(that is now their ability to contribute to society) is uniformly distributed. 

The schools We model each school as infinitesimally small, and assume that there are infinitely 
many schools. Different schools may have different student ability distributions (we assumed that 
the overall distribution of students abilities is uniform, but different schools can be better or worse, 
and hence have higher or lower ability students). We will assume that there are only finitely many 
different types of schools. 

Range of students abilities and jobs qualities To simplify the notation, we will assume 
without loss of generality that students abilities, as well as jobs qualities are in the range [0,1]. 
Note that this shifting the interval of ranges, and resealing can only increase the price of anarchy. 

Lemma 2.5. When the distribution of students abilities is uniform on [0,1] and jobs qualities 
interval is [0,1], the truthful mapping Qt is the inverse of jobs distribution g, that is Qf l (q) = g{q) 
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Proof. Suppose Qt{o) = q, since Qt is increasing in a, [0, a] has been mapped to [0. q]. So the 
number of students in [0, a], are the same as number of jobs in [0,g]. Due to assumption of 
uniform abilities, the number of people in [0, a] is a. Thus the number of jobs in [0, q] is /i(g) and 
Qt (?) = /•*(?)> as claimed. ■ 

The grading game In Sections [3] and [4] we will consider the schools’ strategic behavior in 
suppressing grades. We view grades as signals about the student’s ability. Schools may suppress 
the exact abilities of their students by assigning identical grades to students of different abilities. 
We assume that all jobs are risk neutral, and prefer higher average ability students independent of 
the distribution of abilities with a given mean. 

Grading strategies We assume that for each school, the grade is a signal, and the average 
ability of the set of students with a given grade becomes public knowledge. Different school may 
use different grading scales, such as grading with the range 1-5, 1-4, 1-4.3, 1-20, 1-10 used by 
different universities. In deciding which student to hire, an employee will consider the grade, and 
what the expected ability of a student is with this school. If a grading policy is stable, which is 
the subject of study in this paper, employers will gain experience with it and are able to learn 
what is the expected ability of students with a particular grade in a school. In this paper we 
will simplify notation by identifying the grade with the expected ability of the students with that 
grade. In this sense, a school’s strategy in this grading game is the way its students are grouped. 
In the two extreme cases grading can be completely informative, reveal the true abilities of each 
student, or can be totally non-informative, reveal only the average ability of all the students. Since 
we identified a grade with the average ability of the group of students with this grade, if a school 
announces grade a for a group of students, the true ability of a random student in that group is a 
in expectation. We call the grade announced for a student, the expected ability of that student. 

More formally, each school chooses a transcript structure, which is a mapping from the abilities 
into expected abilities a G [0,1]. This mapping may be stochastic i.e, for each ability a there can 
be a probability distribution over the set of expected abilities a that a student of ability a can get. 
However, the average ability of students mapped to expected ability a in a given school is equal to 
a. 

In Section [3] we do not make any assumptions about the grading policies of schools. We rather 
consider the game of early contracting between students and jobs when played based on the given 
grading policies by the schools. In Section [4] we assume that schools are fully strategic, aiming to 
maximize the average quality of jobs their students take. In this game the schools are the only 
strategic players, and after announcement of the grades, the matching between student pool and 
job pool is one that maps higher expected abilities to higher quality jobs (as by Ostrovsky and 
Schwarz [7j fully strategic grading eliminates the incentive for early contracting). 

Definition 2.6. Let / be the number of school types and 4> = (Ti, F 2 , ..., Fj) be a profile of 
transcript structures^ Function Q(.) on [0,1] is the desirability mapping corresponding to (f>, if the 
expected desirability of a position matched with a student labeled as expected ability a is equal to 
Q(a) when schools use transcript structures in f. 

1 Recall that there are infinitely many schools in each type and each school can choose a different transcript 
structure. By Fi we mean the average transcript structure over the schools of the same type. If the transcript 
structure chosen by each school is optimal, choosing the average transcript structure by all of them is also optimal 

ca- 
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Equilibrium Let <p = (F \, F^,.... Fj) be a profile of transcript structures and consider the cor¬ 
responding aggregate distribution of expected students abilities G(.) and the resulting desirability 
mapping Q(.). Take any school from type i, its transcript structure Fi under </>, and the resulting 
distribution of expected students abilities in the school, Gi(.). Consider any alternative transcript 
structure F- for this school. Notice if only one infinitesimally small school changes its grading 
structure, this will not effect the distribution of expected students abilities, and hence will not 
change the desirability mapping Q(.). Let G/(.) denote the distribution of expected students abili¬ 
ties in this school using the alternate grading Fi. We say that a profile <J> of grading structures is in 
equilibrium if for any school type i and any alternative transcript structure Fi, the average student 
placement at the school under the original transcript structure is at least as high as it is under the 
alternative one, keeping desirability mapping Q(.) fixed: 

f Q(a)dGi(a) > [ Q(a)dGi(a) 

Jo Jo 

Definition 2.7. Let cll be the lowest and ajj the highest expected ability levels produced in an 
equilibrium. Then we say that the equilibrium is connected if for every point a £ (az,,a/f) there 
exists a school that produces students of all expected abilities in some e-neighborhood of a. 

Definition 2.8. An equilibrium is fully informative at a particular value of position desirability q 
if there is an ability level that is necessary and sufficient for receiving a position of this quality. 

The early contracting game In Sections[3]and[5]we consider the unraveling of matching market, 
a strategic game in which companies and students can improve their assignments by contracting 
early. To simplify the presentation, we will assume that there is only one time step in which early 
contracts can be offered or accepted: We assume that companies offer jobs to students before any 
grade information is available from schools, simply based on the average abilities of the students in 
a given school. We assume that at this stage, neither the company nor the student has additional 
information about the student’s abilities beyond the school of attendance. 

We formalize this phenomenon as a two-stage game: Matching of jobs to students takes place 
in two phases, the first one is the early contracting phase where jobs can be offered to students in 
particular schools, the second phase is the regular increasing assignment of jobs to students. In 
Section [5] we assume that schools reveal full information about the students in the second stage. In 
Section [3] the assignment after the early contracting stage will be based on the announced grading 
policy of the schools, but we do not assume that grading is fully informative or fully strategic. We 
assume that both employers and students are risk neutral, thus a student accepts an early contract 
if the quality of the job offered exceeds the expected quality he/she will receive in the second stage, 
and similarly an employer will want to offer a job to a random student in a school, if the expected 
ability of the student is higher than the expected ability of the student the job is assigned to in the 
second phase. 

An example of early contracting We start with an example to illustrate that early contracting 
can benefit both students and schools. Assume that there is only one type of school with uniform 
student distribution, and the job distribution is such that 3/4 of the jobs have quality distributed 
uniformly in the [^,1] range, while the other 1/4 of the jobs have quality distributed uniformly 
in the [0, range. Since students do not know their own ability, a student’s expected job quality 
before attending school isjj + || = |, so a student is happy to accept a job of quality q > 5/8. 
On the other hand, consider a job with quality q = |. The fraction of jobs with higher quality is 
9/16, so 9/16 of the students will take a better quality job, leaving the job with quality q for a 
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student with ability a = 7/16 < 1/2. Consequently a job with quality q' just above q is ripe for 
early contracting. Its quality is better than the quality a student would expect to take, while the 
job would go to a student with less than average ability if it waits for transcripts. 

Definition 2.9. A set of early contracts followed by an assignment of students to jobs using 
a transcript structure is at equilibrium, if the following conditions hold using Q to denote the 
increasing mapping of the remaining students to the remaining jobs after early contracting. 


1. if a student from a school with average ability a, accepted a job with quality q in early 
contracting, then 

(a) Q~ 1 (q) < a (else the job would prefer not to contract early), 

(b) the average quality of the jobs Q assigned to remaining students in school, is at most q 
(else the student prefers to wait and not contract early) 

2. there is no pair of schools and jobs, such that the average ability of the students in the school 
is a some of which are assigned only in the second stage, and the quality of job is q with 
Q~ 1 (q) < O) and the average quality of the job students in the school get in the second 
phase is less than q (as otherwise this pair of job and student would prefer to accept an early 
contract). 

3. if jobs of quality q < q' both are assigned in early contracting, the better job should go to a 
student from a school that is no worse in average ability (as otherwise the student from the 
better school, and the job of quality q' would prefer to contract with each other). 


Note that we made no assumption on the rationality of the transcript structures. In the special 
case of fully informative transcripts we face the special case of the classical unraveling game. With 
fully rational transcripts, Ostrovsky and Schwarz [7] show at the unique equilibrium of the grading 
game (Theorem 4.1), there is no incentive to make early offers. We do not believe that schools are 
fully strategic in grading. In Sections [3] and [5] we consider the effect of early contracting, when the 
schools do not optimally suppress information. Note that the early contracting game and notion 
of its equilibrium we defined, assumes the grading policy of each school is public information, and 
hence students and employers can know the quality of their matching if they wait for the second 
stage. 


3 General Setting 

Here we consider the general notion of early contracting equilibrium in Definition |2.9| , and find loss 
of efficiency at equilibrium mappings. The general results imply bounds on the loss of efficiency in 
both the strategic grading and the early contracting games (as they correspond to special grading 
structures used by schools). 

We begin by proving that equilibria of this game result in increasing mappings of job to expected 
abilities. From the employer’s perspective, the expected ability of a student matched in the first 
phase is the average ability of students of the school he/she attends, while the expected ability 
of a student matched in the second phase is the expected ability assigned to the student by the 
transcript structure of his/her school. 

Lemma 3.1. At the equilibrium of the general early contracting game, the mapping of jobs to 
expected abilities is non-decreasing. 



Proof. We prove that the mapping is increasing by contradiction. Suppose q\ < q 2 are matched 
to a\ > a 2 respectively. The job q 2 is not at equilibrium, and would benefit by offering an early 
contract to ai or waiting till the second phase (depending on which phase ai is matched). ■ 

Next we give our general bound for the price of anarchy. Recall that a student of ability a 
assigned to a job of quality q contributes f(q)g(a) to social welfare. 

Theorem 3.2. Suppose functions f and g are increasing and g is concave. Assuming overall 
student abilities are uniformly distributed, the efficiency loss of matching is at most a factor of 2. 


Proof. First note that the students assigned via early contracting are random students from each 
school, therefore in each school the distribution of student abilities for the group of students with 
any grade a remains also a among students who didn’t contract early. Consider the expected value 
of assigning a job of quality q to a student with expected ability a. Let r be the random variable 
of the student’s ability (so E(r) = a). Now the expected contribution to welfare is defined as 
E(f(q)g( r ))- Since g(.) is concave, g(r) > rg{ 1) for 0 < r < 1. Therefore the expected value 
of E(g(r)) is more than E(g(r)) > E{rg{ 1)) = E{r)g{ 1) = ag{ 1). The expected social welfare 
is greater than or equal to f(q)g(l)Qfg(q)dg(q). The mapping in equilibrium is increasing 
therefore, this is greater than avg(G) f(q)g(l)dg(q), where avg(G ) = \ is average ability of 
students. Since the optimum social welfare is clearly bounded by fj f(q)g(l)d/i(q), this proves the 
claimed bound of 2 on the loss of efficiency. ■ 


We note that the proof of Theorem 3.2 can be used without the assumption of overall uniform 
student distribution. The following corollary states the resulting bound, as well as corollaries in 
special case when / and g are identity functions. 


Corollary 3.3. Suppose functions f and g are increasing and g is concave. The price of anarchy 
of strategic grading and early contracting games are bounded by aV gt G ) • 

When student’s ability is identified by his/her ability to contribute to social welfare (that is 
g(a) is the identity function), then the social welfare at equilibrium is no worse than a random 
assignment. 

When value of an interaction is expressed as aq, the price of anarchy can also be bounded by 
l 

avg(fi) ■ 

Proof. The first statement follows directly from the proof above. To compare to a random assign¬ 
ment, note that in the random assignment, every job is mapped to average ability in expectation, 
and with g(a) = a , the resulting welfare is exactly avg(G) f(q)dg(q), the bound used in the 
proof. With f(q) = q, the efficiency of random matching is the same as matching all the students 
to average job and is at least of the optimal assignment. Thus PoA is bounded by aV g^ • ■ 


4 Fully Strategic Grading Game 

A bound of 2 for the price of anarchy for the strategic grading game follows from the results in 
Section [3j In this section we assume functions / and g are both the identity, and show a tighter 
bound on the loss of efficiency of the matching process when schools act fully strategically and 
optimally suppress grade information to improve the placement of their students. Ostrovsky and 
Schwarz [7j proved that if this game has any connected equilibrium, it has a unique one which only 
depends on aggregate student abilities and job qualities distributions: 
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Theorem 4.1. \7j The aggregate distribution of expected abilities in any connected equilibrium is 
uniquely determined by the distribution of position desirabilities and the aggregate distribution of 
true abilities. 


As extensively discussed in [7] connectedness is a mild restriction on the set of solutions. If 
there exists a school that gives out the lowest and highest grades and everything in between, the 
solution is connected. On the other hand non-connectedness means that there are no schools that 
give grades in an interval, while there are schools that give grades in values higher and lower than 
that interval, which sounds unreal. 

We denote the connected equilibrium by Q eq . Function Q eq maps expected abilities of students 
defined by the grading policies of the schools to job qualities as defined in Section [2j 
The main result of this section is the following bound on the price of anarchy. 

Theorem 4.2. If the students aggregate ability distribution is uniform, and f and g are the identity, 
the price of anarchy of the strategic grading game is bounded by 1.36. 


We will focus for most of this section on the special case when the equilibrium mapping Q eq 
is linear. Then we use induction on the number of segments of Q eq to extend the bound to the 
general case. 

The main technical lemma shows that jobs distribution that result in linear equilibrium have a 
higher average than uniform distribution at each point. 


Lemma 4.3. If Q eq (.) is linear, when aggregate distribution of students is uniform, Qt satisfies 
the following condition for every q' E (0,1): 



qt 1 '(q)dq > 


2 


The basic intuition is the following. When the average quality of the jobs below q' is above 
q'/ 2, the schools have incentive to mix students. Mixing 0 quality students and q' quality students 
improves their average placement. On the other hand, if at some point q' the average quality of 
the jobs below q' is less than q'/ 2, then the same mixing would hurt the average placement. The 
lemma shows that, when the average quality of jobs below q' is less than q'/ 2, the equilibrium Q eq 
contains a convex segment where the grading is fully informative. Linear equilibrium results from 
the mixing of students at all ability levels. 

The proof of the lemma builds heavily on the equilibrium construction of Ostrovsky and Schwarz 
[7]. We will review the construction, and then prove the lemma in the Appendix. 

Using this lemma we can prove our main theorem for the case when the equilibrium is linear. 


Lemma 4.4. If Q e q(-) is linear, when aggregate distribution of students is uniform, the price of 
anarchy is bounded by 1.36. 


Proof. For the case of linear equilibrium, we can express the price of anarchy as a ratio of integrals 
as 

2 jp 1 qdfijq) £ qQf 1 (q)dn(q ) 
fo q 2 dp(q) 

We prove the lemma using the bound of Lemma |4.3[ See the Appendix for the details. ■ 

Proof of Theorem \4-H\ : When the aggregate distribution of students is uniform, the equilibrium 
only depends on p{q), the distribution of jobs. The equilibrium consists of strictly convex parts 
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where Q e q(q ) = Qt(q ), and linear parts where the endpoints of them are fully informative. Since 
is at most max* ^, it is enough to prove that the ratio of efficiency of optimum to equilibrium 
in each part is less than 1.36. The ratio in strictly convex intervals is 1. And the ratio of the linear 
parts is bounded by 1.36 by Lemma |4.4| ■ 


5 Early Contracting with Informative Grading 

In this section we consider the early contracting game when schools grade fully informatively, 
revealing the ability of their students exactly. A bound of 2 for the price of anarchy for early 
contracting game follows from the results in Section [3j Example [3] in the appendix, shows a setting 
with price of anarchy ~ 1.22 with the functions / and g both the identity. 

In this section we will focus on the special case when / and g are the identity functions, and 
all schools have uniformly distributed student abilities (not only the aggregate ability of students 
is uniform). First we study the structure of equilibria of this case, and show that the equilibrium 
is essentially unique, and then show that the price of anarchy can be bounded by 4/3. 

Structure of the Equilibrium 

We claim that the jobs that contract early in equilibrium form a centered interval of job qualities. 

Lemma 5.1. The jobs which have contracted early in equilibrium form an interval of job qualities. 
Additionally, the interval of student abilities that this set of jobs would have gotten in the optimal 
assignment is symmetric around the line x = 

Proof. It is not hard to see that jobs contracting early must form a continuous interval at equilib¬ 
rium, as otherwise some jobs or students did not act strategically. See Figure [2] for the structure 
of the optimal assignment and the assignment in the second stage of the early contracting game. 

To show that the interval is symmetric around 1/2, suppose the interval of students who would 
have been assigned to this set of jobs after seeing the transcripts, begins at a. We prove that it 
ends at exactly 1 — a. By removing the jobs in the interval, two sets of job remain. The jobs 
with quality higher than the jobs in the interval, which we call them ’’good jobs” and the jobs with 
quality below the jobs in the interval, ’’bad jobs”, with the average quality of all jobs lying between 
the good and bad jobs. 

Suppose the interval did not end at 1 — a. If it had ended before 1 — a, it means that some of 
the good jobs are mapped with less than average ability students. In this case they would have 
been better off, had they offered in the first stage. If it had ended after 1 — a, some of the bad 
jobs are mapped with better than average students. Which means that in the first stage students 
should not have accepted the lowest jobs that they did. ■ 

Theorem 5.2. The price of anarchy for the two-stage assignment game in the case that all of the 
schools have uniform distribution of students on the same interval of abilities is at most |. 

Proof. Let b and c be the lowest and highest quality jobs respectively that participate in early 
contracting. Observe that we must have c < 26, as the quality of every job in the center interval 
should be at least the average quality of the jobs left, as otherwise students will not accept the 
early contract offer. The average quality of the remaining jobs is at least c/2 as half the jobs have 
quality at least c. The equilibrium mapping stretches mapping for low and high quality students, 
as shown on the right of Figure [2] In the Appendix we show that the loss of efficiency due to this 
stretching can be bounded by 4/3. ■ 
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Figure 2: The optimum mapping on the left. The mapping in phase 2 on the right. The interval 
of abilities corresponding to [0, b\ and [c, 1] now expand to now expands to [0,0.5] and [0.5,1] 
respectively. 

References 

[1] C. Avery, C. Jolls, R. Posner, and A. E. Roth. The new market for federal judicial law clerks. 
Technical report, National Bureau of Economic Research, 2007. 

[2] C. Avery, A. Fairbanks, and R. J. Zeckhauser. The early admissions game. 2009. 

[3] D. Bergemann and M. Pesendorfer. Information structures in optimal auctions. Journal of 
Economic Theory , 137(1):580 609, 2007. 

[4] W. Chan, L. Hao, and W. Suen. A signaling theory of grade inflation*. International Economic 
Review , 48(3):1065-1090, 2007. 

[5] P. Dubey and J. Geanakoplos. Grading exams: 100, 99, 98, or a, b, c? Games and Economic 
Behavior , 69(l):72-94, 2010. 

[6] S. Dughmi. On the hardness of signaling. CoRR, abs/1402.4194, 2014. URL http://arxiv. 
org/abs/1402.4194. 

[7] M. Ostrovsky and M. Schwarz. Information disclosure and unraveling in matching markets. 
American Economic Journal: Microeconomics , 2(2):34-63, September 2010. doi: 10.1257/mic. 
2.2.34. URL http: //www. aeaweb. org/articles.php?doi=10.1257/mic .2.2.34, 

[8] A. E. Roth and X. Xing. Jumping the gun: Imperfections and institutions related to the timing 
of market transactions. The American Economic Review , pages 992-1044, 1994. 


A Appendix: Omitted Proofs 


In this section we prove the main technical lemma |4~3l lemma 4.4 and theorem 5.2, We conclude 


this section with lower bound examples for price of anarchy of various settings studied in the paper. 

In order to prove lemma 4.3 we need to recall some properties about the connected equilibrium 
shown by Ostrovsky and Schwarz [7], as well as the process developed by Ostrovsky and Schwarz 
[7] to find this equilibrium. 


Property 1. The desirability mapping in equilibrium is an invertible, monotonically increasing, 
continuous function, i.e., no positive mass of students receives the same expected ability. 
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Property 2. The equilibrium mapping is a convex function of expected abilities. 

Property 3. The lowest expected student ability in equilibrium, cll, is equal to the lowest true 
ability at,, i.e. 0 . 

Property 4. The equilibrium is fully informative at strictly convex points i.e. if Q eq is strictly 
convex at q, Qf l (q) = Qf q (<?)• 

The last property also means that any student with expected ability a < a (a > a) such 
that (a, q) is a strictly convex point in the equilibrium has true ability less than (greater than) a. 
Otherwise the school can benefit by revealing the true grade for these students. 

Property 5. Let the two ends of any linear section of Q eq be (a\,q\) and ( 02 , 92 )- Since the equi¬ 
librium is convex, ( 01 , 91 ) and ( 02 , 92 ) are either strictly convex (fully informative due to Property 
[4]) or the beginning or end points of Q eq curve. In either cases, the set of students assigned to job 
desirabilities [ 91 , 92 ] in Qt and Q eq are the same. Which means the students with expected abilities 
in [ 01 , 02 ] are the students whose true abilities are in the same interval and vice versa. Based on 
the rules for choosing transcript structures, the sum of expected abilities in this range is equal to 
the sum of abilities. 

Property 6. The slope of Q eq at any fully informative point which is start of a linear part is less 
than or equal to right derivative of Qt at that point. 

Proof. Suppose the slope of the equilibrium is greater than right derivative of Qt at that point. 
There exists e > 0 such that jobs in [ 0 , e] are mapped to strictly lower expected abilities than in Qt- 
However in Qt, lowest ability students take [ 0 , e] jobs and no bundling of students can introduce 
lower expected abilities. ■ 

Next we need to recall the procedure in [?] for finding Q eq based on Qt- This procedure is 
graphical and is inductive on the number of convex/concave intervals. (We assume that Qt does 
not switch from convex to concave and vice versa infinitely many times.) The following finds 
the first segment of the equilibrium corresponding to the first convex/concave interval, the next 
segments can be found inductively. 

Case 1 : Qt starts with a concave part. 

The equilibrium corresponding to first concave part is a line segment. This line can be found 
by the following procedure: 

Consider the graph of Qt on a two-dimensional plane, and take the infinite ray that starts at 
point (0, 0) and has a slope of zero. Start rotating this ray around its origin, increasing its slope. 
Once the ray begins to intersect with the graph of Qt at points (a*, 9 i) other than the origin, for 
each of these points keep checking whether they can be the end of first linear segment of equilibrium. 
Using property [5j a necessary condition is that the sum of abilities assigned to [0, 9 *] desirabilities 
is equal to the sum of expected abilities when the equilibrium consists of linear segment connecting 
( 0 , 0 ) and {a^qf). 

a 2 

The sum of abilities of students in [0, af\ is f since abilities are uniform, while the sum of 
expected abilities in [ 0 , a*] corresponding to Q eq {a) = is / 0 ?I Qe q (q) which is ^qd/j,(q), 
where /u(.) is the aggregate distribution of jobs qualities. 

Continue until the slope is or in our case 45°. If there was a point with this property choose 
one that is on the lowest slope ray. And if there are multiple qualified points on one ray, choose 
one with maximum coordinates. Denote the point by (a ', q'). Qeq, starts with a linear section from 
(0,0) to ( a',q ') and is strictly convex in (a’,q'). To find the equilibrium curve after this point, 
continue the procedure with remaining students and jobs. 
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In the case that we cannot find any such points with coordinates less than (an, Qh), the equilib¬ 
rium is a single linear segment. By property [3j we know the lower expected ability in the equilibrium 
is equal to true lower ability; cll = 0. After announcing the grades, the lower ability student is 
mapped to the lower quality job and the higher ability student is mapped to the higher quality 
job: Qeq(0) = 0, Qeqian) = 1. So Qeq(a) = . Finding an leads to exact formula for Q eq . By 

applying property [5] about equality of sum of abilities and expected abilities, an is derived uniquely. 
Similar to the argument above for checking the validity of linear segment, ajj should be chosen in a 
way that the sum of expected abilities equals the sum of abilities. Q~ q (q) = qan, so the expected 
ability mapped to quality q is anq • Thus the sum of expected abilities is auqd^{q). The sum of 
abilities is equal to 0.5 due to uniformity of students distribution. So a» = 

Jo 

A special case of this Qt starting with a concave part is when Qt is concave. Concavity and 
the fact that Qt{ 0) = 0 and Qt{ 1) = 1 result in Qt being above rays with slope less than 45°. In 
this case the sweeping ray with slope less than or equal to 45° does not cross Qt at a point with 
smaller coordinates than (1,1). 

Case 2: Qt starts with a convex part. 

The equilibrium corresponding to first convex part lies on Qt up to some point and then 
continues with a linear segment. In extreme cases, this segment of equilibrium is fully informative 
or linear on the whole interval. By following the procedure below we construct this first segment. 

This case is similar to previous one. The difference is that using property [6] we make sure the 
slope of the ray does not exceed the right derivative of its origin. So other than increasing the slope 
we move the origin of the ray along Qt, keeping the ray tangent to Qt, to avoid exceeding the 
right derivative of the origin. When the origin of the ray is at {a ', q'), we know that Q eq coincides 
with Qt up to this point. Like the procedure for case 1, we check the intersection points ( at,qi ) in 
the intersection of the ray and Qt to see whether the line segment connecting ( a!,q') and () 
satisfies property [4j 

If origin of the ray reaches the last point of the first convex interval or if the slope of the ray 
exceeds the slope of last point of this interval, Q eq is fully informative on this interval. 

A special case is when Qt is a single convex interval. In this case, Q eq is equal to Qt at every 
points. 

Lemma A.l. If Q eq corresponding to Qt is linear, Qt starts with slope > . Thus in the 

special case where abilities are in the range [0,1] and qualities are [0,1] , Qt starts with slope > 45°. 

Proof. For notational simplicity we prove the lemma for the special case mentioned in the lemma. 
Since the average of students abilities in a bundle cannot exceed maximum ability, the maximum 
expected ability is not greater than expected ability, i.e. a# < 1. Since Q e q{ 0) = 0 and Q e q{dH ) = 1 
and Q eq is linear, Q eq {a) = A^. So the slope of equilibrium is > 45°. Property |6l implies that the 
slope of Qt at (0,0) is not less than slope of Q eq . Thus Qt starts with slope >T5°. ■ 

Property 7. If Q eq corresponding to Qt is linear, for every point ( a',q') on Qt, below line 
Q(a) = a, 

f —a! p!(q)dq / f adG{a) 

Jo Q Jo 

Therefore since Qt is continuous, every point on a continuous segment of Qt below Q{a) = a has 
the same direction in inequality. 

This property is due to the constructive method for Q eq . The equilibrium is linear when there 
does not exist such a point on a ray with origin (0,0) and slope below 45°. 
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Now we are ready to prove the main lemma. 
Proof of [ : Lemma 4.3 


We inductively prove the lemma for segments of Qt that are below or above the line Q(a ) = a. 
Assuming that the constraint holds for Qt points up to some intersection of Q(a ) = a and Qt we 
prove it holds for the points till the next intersection. 

Since Q(a) = a is the bisector of first quadrant, we call this line the bisector from now on. 

We first prove that Qt curve visits the above side of the bisector before visiting the below part, 
or more formally for any point (a, q) on Qt such that q < a, there exist (o', q'), such that q' > o'. 

By lemma |A. 1 | we know that Qt either starts on the above part or coincides with the bisector 
up to some point. For slope > 45°, the curve starts in the above part and claim is obviously correct. 
Suppose Qt starts with slope = 45° and visits below of the bisector first. Let (ai,oi) be the last 
point before on the bisector before visiting the below part. Let ( 02 , 02 ), the first point it crosses 
the bisector after visiting the below section. Note that there exists such a point because the curve 
eventually crosses the bisector Qt{ 1) = 1. Consider the segment between ( 01 , 01 ) and ( 02 , 02 ) on 
Qt- By definition this segment is fully below the bisector. Consider the first time that the sweeping 
ray intersects with this segment and call the intersection point (o', q)'. We claim that inequality 
in property [?J have different directions for ( a\q ') and ( 02 , 02 ) contradicting with property [Tj The 
reason is that the line segment ( 0 , 0 ), (o', q') is fully below Qt up to (o', q') where the line segment 
(0,0), ( 02 , 02 ) is fully above Qt up to ( 02 , 02 ). 

Using the argument above, we know that Qt satisfies one of the three cases below: 

1 . Qt is on the bisector: Qt(cl) = cl for 0 < x < 1 

2 . Qt goes to the above side of bisector at b for the first time: Qt{o) = a for 0 < x < b, b > 0 
the right derivative at b is > 45° 


3. Qt goes to the above side of the bisector at 0: Right derivative at 0 is > 45° 

Case 1 happens with uniform distribution of jobs. Thus the lemma constraint satisfies for all 
points. 

Case 2 satisfies the constraint up to point b, because the job distribution for 0 > b is the same 
as uniform distribution. 

The constraint holds for point (0,0) in the third case and ( 6 , b) in the second case. 

Suppose the constraint holds up to a point dj, where Qt{<h) = o-i- In case 1 , below, we prove 
that this constraint holds with strict till the next crossing point. 

Case 1 : Qt curve goes to the above side of the bisector: 

Consider the segments of the curve that lie on the above of the bisector. Each segment consists 
of an interval of abilities [oj, aj which is mapped to an interval of qualities [<&, qf\. Whether q\ is 0 
or a point where the curve goes to above: 

Jo qp'(q)dq > 

Qi ~ 2 

For any point (a', q') on the curve such that q' E [qt, qj: 

Jo qd^jq) = Ip' Qdfijg) + /*' qdfi(q) > W ^ + Jg t qdfijq) 

q' q' ~ q' 

By rewriting the integral we get: 

f-q' rfi(q')=a' 

/ qdfi(q) = / /x _ 1 (^(g))d^(g) 

Jqi J fi(qi)=ai 
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Change of variables results in: 


= fj, 1 (a)da 

J at 

Since the distribution of abilities is uniform, for every q, fi(q) = Qf 1 (a) which means Qt and fi are 
inverse of each other. Also {ai,qf) are on the bisector, so d(qi) = ai = qi and a' > q', therefore: 

fa’ rq' j-q' 

/ / G 1 (a)da > / /i~ 1 (a)da > / ada 
J ai J qi J qi 

Where the last inequality holds since /r _1 (a) is above a. So the average of qualities up to q' is: 

Io 9i W'(q)dq 


> 


qin(qi) ,qJJ_q[ 
2 + 2 2 


qi q 

( ai , qi) is on the bisector and n(qi) = qi, therefore for every q': 

Jo qMq) ^ v(q') 


> 


Now we prove that if the constraint holds with strict inequality for point ai, where Qt(o*) = CLi, 
it will hold till the next crossing point 

Case 2: Qt curve goes to the below side of the bisector: 

Consider the inequality in property [7} For (a, q) on the bisector, this inequality matches this 
lemma’s constraint. Thus by induction assumption the left hand side is greater than the right 
hand side. Property [7] implies that the inequality holds the same direction for all points on the 
continuous segment below the bisector. 

Thus for every point (a 1 ,q') on this interval: 


/ —o![i (q)dq > / adG(a) = / ada = — 

Jo q Jo Jo 2 

By dropping a 1 from both sides and moving q' to the other side, we reach: 

r' ,, „ a 'q' Kq')q' 

qd ( q)dq > — = — 2 — 


Where the last equality holds due to property 2.5. This proves the claim. 


Proof of lemma 4-4 ■' 


The price of anarchy is equal to: 


IqU qQ T ( q)Mq ) 


fq* qQeq (q)ddiq) 

In the equilibrium, the sum of expected abilities is equal to the sum of real abilities. So when the 
equilibrium is linear the maximum expected ability, clh, is chosen such that: 

/ qa,Hd/a(q ) = / adG(a) 

Jo Jo 
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Since students distribution is uniform the above value is i, which means: 


an = 


2 fg qdfi(q) 


Since in the equilibrium, quality q is mapped to qdn, the efficiency of the equilibrium is: 


r-l 


1 


r-l 


So PoA is as follows: 


/ w- aH = 0 r i , 7 7 / Q 2 Mq) 
/o 2 J 0 qdfi(q) Jo 


2 fp qd^jq) fg qQ T 1 (q)dn(g ) 

fo q 2 d^{q) 


To find an upper bound on PoA, we use the constraint in Lemma 4.3 We can find the highest 


value for fg qQ T 1 (q)d^i(q) and lowest value for q 2 dfi(q , for possible values of fg qd^(q) 


4.3 


states that for every value of job quality, 


Average of qualities is equal to fg qdfj,(q). Lemma 
q', average of job qualities that are < q ', is better than the average of uniform job distribution up 
to that point. 

Lemma 


4.3 


implies that average of jobs is above 0.5. Suppose that fg qdfi(q) = a. We claim 


that the minimum value for fg q 2 d/j,(q ) is a 2 . 
Cauchy-Schwarz inequality states that: 


1 -qdfJ,(q) < 


/ 1 2 dfJ-(q) / q 2 dn(q) 
lo Jo 


< / q 2 dn(q) 

Jo 


We now prove an upper bound for /q qQ T 1 (q)d/j,(q). We claim that the maximum for this 


integral, while satisfying Lemma 4.3 occurs when x-fraction of jobs are uniformly distributed in 
[0, x\ and others are of quality 1. The value of x is determined by average of job qualities. 

First we show that if there was not such a constraint, the distribution with maximum f ( ] qQJp 1 {q)dn(q) 
was such that jobs are either of 0-quality or 1-quality. 

The integral fg qQ^ 1 {q)dfi(q) can be rewritten as an integral over abilities axis: fg aQr(a)da, 
which is a weighted sum of abilities. Since the sum of the weights, fg qdfi(q), is fixed, the maximum 
weighted sum occurs when the high abilities get the highest possible weight, 1, and the low abilities 
get the lowest possible weight, 0. 


To apply the constraint in Lemma 4.3 the lowest possible weights that low abilities can get is 
no longer 0 but it is the weights resulted from a uniform distribution, which is weight equal to that 
ability value. 

Now, for fg qdfi(q) = a we find x such that if x fractions of the jobs are uniformly distributed 
from 0 to x and others are 1 this results in the required total weight of a: 

rx rl 

/ qdq + / 1 dq = a 
Jo Jx 


Lemma 


4.3 


implies that fg qdfi(q) 6 [|, 1], For \ < a <1, x = \ — \fjJa — 1. Therefore 

p 1 rx r 1 

/ a!QT{a!)da! = / a' 2 da' + a ■ Ida' 

Jo Jo Jx 


17 















x 3 ( 1 - x 2 _ (1 - \j2a — l) 3 , 1 - (1 - y/2a — l) 2 
~3~ ~ l 2 — 3 1 2 


2 a 


PoH < max 

a 


(1 - \j2a — l) 3 1 — (1 — \j2a — l) 2 


< 1.36 


Proof of theorem 5.2 : 

The main proof idea is as follows. We split the job qualities region [0,1] into 3 parts using the 
structure of the equilibrium we described above. The first part [0, b\, the second part [ b , c], and the 
third [c, 1], where the interval of jobs [ b , c] are the jobs in early contract, corresponding to students 
of quality a to 1 — a in the optimal assignment (as shown in the equilibrium description and figure 
[2J. The truthful mapping, Qt(-), is the function that maps abilities to qualities, had there been 
no early contracting. The equilibrium mapping, Q eg (.), is an equilibrium mapping, when early 
contracting is allowed. We abuse the notation and use it for both phases. However since we proved 
the jobs in interval b, c are the jobs who participate in early contracting (the first phase), it is clear 
that, by Qfq(g) we mean the first phase when q E [ b , c] and second phase otherwise. 


Price of Anarchy (PoA) = f qQ f 

liqQe q 1 (q)h'(q)dq 

_ So qQf 1 {q)h'{q)dq + f b c qQf 1 {q)h'{q)dg + j] e 1 qQf 1 {q)p , (q)dg 

Jo qQeq{q)h'{q)dq + f b c qQ7q(q)h'{q)dq + fj qQe ( j {q)fi'{q)dq 
Then, we show that the ratio of the social welfare in the optimum to the equilibrium in each of 
these regions is at most |. 


1. Consider the lower interval [0,6] 

Q eq is an expansion of Qt, such that its domain is [0, instead of [0,a] and the same job 
is mapped to a higher ability person. Thus for every point in this interval, Qf l (q) is not 
larger than Qf 1 ^) and the ratio of f ( j qQf 1 {q)^'(q)dq to qQfq{q)^'{q)dq is less than 1 and 
therefore |. 

2 . Consider the middle interval: [b,c]. 

In the first phase, the jobs are assigned to average student (ability = ^), The efficiency of the 
equilibrium is: 


Qeq (<lW(q) 


f qQeq(Q)dp(q) = \ 

The set of jobs in [6, c] is the same in the equilibrium and optimum: 

J Qf q l (q)dijfq) = J Qf 1 (q)d/i(q) 


By changing the axis of integration to abilities we have: 
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Sb gQr 1 (g)^(g) _ fa a a'QT{a')da' 

fb QQeq 1 {q)dfi(q) ff~ a \Q T (a')da' 

To find an upper bound for this fraction we use Claim [A^ below, that finds that the maximum 
value of the numerator with a fixed denominator occurs when the fraction [1 — a, x] of students 
get jobs with quality b and [x, a] get jobs of quality c, where x is chosen such that b(x — o) + 
c(l — a — x) = f 1 a QT{a')da'. Using this fact we get 


ff a'bda' + a a'cda' (x — a)b + 1 ^ +x (1 — a — x)c 

l bda! + fl~ a cda^j 5 [(* - a)b + (1 - a - x)c] 


The above fraction is decreasing in a and increasing in c. To get an upper bound we replace 
a by 0. Also recall from proof of theorem 5.2 that c < 2b: 


< 


^ + (l-x 2 ) 
|(x + 2(1 — x)) 


2 - x 2 4 
2 — x < 3 


(for all 0 < x < 1) 


3. Interval [c, 1]. 

The social welfare of the optimum in this interval can be rewritten over abilities axis as below: 


qQri^d^iq) = / a'QT(a')da! 
Jl-a 


Equilibrium function, Q eq , is an expansion of Qt from [1 — a, 1] to [^, 1], such that (1 — (1 — 
a'))^y gets a job quality that a' gets in the optimum, so: 

Jc QQeq (o)tJ‘ , (Q)dq = J (1 — (1 - a , ) 0 ^-)Q T (a , )da'. 

So, our goal is to upper bound: 

fi-a a!Q T {a!)da! 

/i_ a (l — (1 — a')^f)Q T (a , )da' 


The ratio 1 _ (1 ° a/) ox 


ranges from 1 to = 2(1 — a) as a' ranges from 1 to 1 — a and is 


monotone decreasing in this range, and Qt {cl') is increasing. In other words, Qt(-) assigns 
more weight to lower ratios. 

By replacing Qt(cl') with a constant value for every a' , we allocate equal weight to all the 
/ 

ratios 


i—(I - “')¥ 


/,* a'da' 

J 1 —a 


- rl /i -nMW 4 - 3 


/i- a (l-(l-a')¥)^ 

where the last inequality follows as 0 < a < 


1 - % 4 

< - 


19 



















Claim A.2. For job qualities E [b, c] and a fixed value for sum of qualities, J 1 “ QT{a')da' , the 
maximum social welfare, f 1 a a'QT{a!)da! , occurs when the fraction [1 — a, x] get jobs with quality 
6 and [a;, a] get jobs of quality c, where x is chosen such that b(x — a) + c(l — a — x) = [J “ QT{a')da’ . 

Proof. The integral J -1 a a'QT{a')da' is a weighted sum over abilities, where the job quality ( Qt(o .')) 
mapped to ability (a'), is the weight of that ability in the summation. Since QtW ) E [ 6 , c], every 
a' E [1 — a, a] gets weight at least b and at most c. Suppose we first assign weight b to every 
a' E [1 — a, a]. Now we need to increase the assigned weights to reach f'J a QT{a')da'. Increasing 
a higher ability weight results in a larger increase in [J a a'QT{a')da! than a lower ability. So we 
start from 1 — a and continue to lower abilities and increase the weight as much as possible. Since 
maximum weight is c, the final assignment is c to fraction [x, 1 — a] and b to [a, a;]. ■ 


B Lower bound examples for the price of anarchy 


The following example finds a lower bound on the price of anarchy for fully strategic schools 
game. In this example, the ratio between the efficiency of optimum and equilibrium mapping is 
approximately 1.07, this means that price of anarchy is > 1.07. 


Example 2. The family of functions Qt{o) = oP with 1 < x, form concave curves and therefore 
linear equilibria. The procedure for finding equilibrium, gives the formula for the special case that 
Qt is concave. The equilibrium corresponding to Qrifl ) = o* is Q eg (a) = Property 2.5 

implies that jobs distribution, fi is inverse of Qt, he. fi(q) = q x . 


The ratio between optimal efficiency and equilibrium efficiency is 


Jo 1 <iQ 


T (q) rf M(g) 

Jo yQeq d/x[q') 


in the formulas, we have ■ The maximum happens at ~ 2.73 with value 


By plugging 
1.07. 


The following example finds a lower bound on the price of anarchy for early contracting game 
with multiple types of schools. The distribution of students among schools and jobs are such that 
the ratio of optimum mapping to the equilibrium is ^ ~ 1 . 22 . 


Example 3. Suppose there are two types of schools, A and B. Student abilities in schools of type 
A are uniformly distributed in intervals [0, \ — e] and [|, 1 ] where e is a positive value ~ 0. Type 
B students however, have abilities uniformly distributed on [\ — e, §]. Also suppose that \ of jobs 
are of quality 0 , ^ are of quality \ + e and other | are of quality lrl The truthful mapping, Qt, is 
illustrated in figure [3| 

Schools of type A have a higher average ability than B , so in the first phase employers generally 
prefer students in A to B. In expectation, A’s students take lower than average job quality by not 
participating in early contracting: They take ^ in expectation, where average quality is On 
the other hand, the jobs that are assigned to students with ability lower than are willing to offer 
to type A students in the first phase. Therefore the jobs that were supposed to be mapped to [|, 5 ], 
will be mapped to school A in the first phase. By removing these jobs and the fraction of students 
they are mapped with, the matching between the remaining set of jobs changes and there are still 
jobs with quality | + e will mapped to abilities lower than if don’t offer in the first phase. Like 

“To be compatible with distribution constraints in section I 2 I fj, can be defined this way: \ — e fraction of jobs 
are distributed uniformly on [0, e], J — t fraction on [|, | + e]and | — e fraction on [1 — e, 1], and 3e fraction on 
[e, \ and[| + e, 1 — e]. 
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Figure 3: This figures shows the truthful mapping in Example [3j 


before these jobs will offer and to students of type A in the first phase. These mappings continue 
until there are no quality-^ + e jobs mapped to ability lower than 2 . 

Eventually jobs that are mapped to [|, |] in Qt , are mapped to students in type A in first 
phase. And other jobs are remained to be mapped to students in school B when the true grades 
are revealed. 

Neglecting e in the optimal matching, quality-0 are mapped to [0, |], quality-^ to [|,|] and 
quality-1 jobs are mapped to [|, 1] abilities. The social welfare in this case is In the equilibrium, 
students in school A take job quality ^ in phase 1. In phase 2, quality-0 jobs are mapped to [|, 
and quality-1 are mapped to [|, |], Therefore the social welfare is 

In the following example for early contracting with single type of schools, the ratio between 
optimal and equilibrium efficiency is ~ 1.11. This shows that price of anarchy in this setting is 
> 0 . 11 . 

Example 4. Suppose the distribution of jobs is as follows: 0.2 of jobs are quality-0, 0.45 of jobs are 
quality-0.64 and the other 0.35 fraction are of quality lj^] Jobs with 0.64 are better than average 
and some of them will get lower than average student if they do not offer in the first phase. 

So the early offer starts from jobs mapped to 0.2 and to form a symmetric interval as discussed 
in [5j this interval continues to ability level 0.8. After mapping of these jobs that consists of all 
0.64-jobs and 0.15 quality-1 in the first phase, quality-0 will be mapped to interval [0, |] and other 
quality -1 will be mapped to [|, 1 ] in the second phase. 

The social welfare in the optimum case is 0.45 x 0.64 x °- 2 +°- 65 -|_ 0.35 x 1 x 0,6 2 +1 because 
0.45 fraction of students with average °- 2 +°- 65 take 0.64 and 0.35 fraction of students with average 
^5+1 take quality 1 . 

However in the equilibrium mapping 0.6 of the jobs who are a mixture of quality-0.64 and 
quality-1 with average 0,6 x 0 -45+ixo.i5 are ass ig nec | to students with expected ability | in the first 
phase. In the second phase, 0-jobs are are assigned to remaining 0.2 fraction of students with ability 
less than | and remaining 0.2 fraction of jobs that have quality 1 are assigned to abilities in [|, 1 ]. 
So the social welfare in this case is 0.6 x o.64xo.45+ixo.i5 x i + o .2 x 1 x °' 5 2 +1 . 

The ratio between these two social welfare values is ~ 1.11. 

3 Similar to the previous example, with slight change this distribution fits into distribution properties in section [ 2 ] 
Since it is not going to effect the matching, we continue with the distribution in the example for notational simplicity. 
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